We experimentally and theoretically investigate the microwave transmission line shape of the cavity-magnon-polariton (CMP) created by inserting a low damping magnetic insulator into a high quality 3D microwave cavity. While fixed field measurements are found to have the expected Lorentzian characteristic, at fixed frequencies the field swept line shape is in general asymmetric.
I. INTRODUCTION
Strong light-matter interactions in condensed matter systems are a rich source of physics, underlying such important concepts as the polariton 1 while holding the key to new technological development, such as quantum information processing. In this direction much work has recently been devoted to the strong magnon-photon interactions between low loss magnetic materials and high quality microwave cavities/resonators, 2-22 motivated by the potential for large coherent coupling in magnetically ordered systems. 23, 24 Initial experiments demonstrated such phenomena at low temperatures 2,3 however strong spin-photon coupling at room temperature was soon realized. 4, 5 Such work has provided the foundation for many exciting new possibilities such as cavity mediated coupling of spatially separated magnetic moments, 14 cavity mediated qubit-magnon coupling, 8, 9 the merging of quantum optics and spintronics through the use of whispering gallery modes, [16] [17] [18] [19] the possible integration of microwave, optical and magnonic systems 25 and the development of magnon dark mode memory architectures. 21 While much of the recent work has focused on the potential of strong spin-photon coupling for quantum information technologies, from the spintronics perspective 15 these interactions are also remarkably interesting since they may be detected both optically through microwave transmission and electrically via spin pumping measurements. 5, 22 This is made even more important due to the coherent nature of the spin-photon coupling via the cavity-magnon-polariton (CMP) which originates in the electrodynamic coupling between ferromagnetic resonance (FMR) and the microwave cavity mode. 5 In spintronic systems coherence phenomena have previously been manifested in various line shape symmetries [26] [27] [28] and therefore as a further step towards coherent spin current control it is important to develop a better understanding of the CMP line shape. A detailed experimental and theoretical analysis of the CMP microwave transmission line shape is the focus of this work.
Previously the microwave transmission spectra in strongly coupled spin-photon systems has been described using the input-output formalism of quantum optics, 2 where the input and output microwave powers are determined by the photon occupation number. 29, 30 However typical spintronic systems operate in the semi classical regime, and although the input-output formalism becomes semi classical in the absence of anharmonicity, an explicitly classical description based on simple physical considerations which is easily extendable to multi mode coupling would provide a practical and useful analysis tool for spintronic applications. In this context we present such a description which accurately explains our experimental findings. Nevertheless the link between the classical and quantum descriptions is of interest and can be systematically studied by applying a Green's function formalism to the microscopic theory. Within this framework we again accurately reproduce our experimental results.
To properly characterize a strongly coupled magnonphoton system it is necessary to measure both the field and frequency dependence of the microwave transmission, performing a two dimensional measurement |S 21 (ω, H) | 2 . In Sec. II we describe the experimental details of such measurements and highlight the important line shape features, examining both the fixed field, |S 21 (ω) | 2 , and fixed frequency, |S 21 (H) | 2 , line shapes. In particular we find that while |S 21 (ω) | 2 exhibits two symmetric resonances, corresponding to the anti crossing of the coupled cavity/FMR mode, the |S 21 (H) | is controllable by the microwave frequency ω. To explain these line shape features in a general context, in Sec. IV we present a coupled oscillator model which accurately captures the key experimental features and can easily be generalized to describe multiple cavity/multiple spin wave mode coupling with several cavity driving frequencies. While the electrodynamic origin of the CMP is known from our previous work, 5 only the dispersion and line width, and not the actual microwave transmission spectra, have been studied in this context. In Sec. V we further apply our dynamic phase correlation model to describe the spectral line shape and accurately reproduce the experimental features, explaining the physical origin of the CMP line shape. In Sec. VI we develop a microscopic quantum theory of the coupled spin-photon system and discuss the approximations which lead to an effective coupled oscillator model as studied in the previous sections. To make our models easier to use from a practical point of view, in Sec. VII we look at the limits of small damping and derive analytic expressions for |S 21 
II. TRANSMISSION SPECTRA OF THE CAVITY-MAGNON-POLARITON
To study the CMP line shape we placed a 1 mm diameter YIG sphere (Ferrisphere Inc.) inside of an in-house cylindrical microwave cavity (2.5 cm × 2.9 cm, diameter × height) made from oxygen free copper. As shown in Fig. 1 (a) the cavity and YIG sample are placed inside of a static magnetic field H, which acts as a bias for the FMR, and the microwave transmission is then measured using a vector network analyzer (VNA). Our cavity has been designed to have a TM 011 mode at a loaded resonance frequency of ω c /2π = 10.556 GHz (0.2% redshifted from the unloaded value). The intrinsic loss rate of this mode, β = ∆ω/ω c = 3×10 −4 , is determined from its half-widthhalf-maximum (HWHM), ∆ω, far from coupling and corresponds to a loaded cavity quality of Q = 1/2β = 1700. The TM 011 mode is well separated from other TE or TM modes (by more than 1.5 GHz) and has a circular field profile, allowing the coupling to be maximized when the microwave and static fields are perpendicular.
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The YIG FMR can be tuned by the H field and follows a linear dispersion, ω = γ (H + H A ), where γ = 2π×28 µ 0 GHz/T is the gyromagnetic ratio and µ 0 H A = −37.7 mT is the geometry specific anisotropy field. By tuning the FMR frequency to ω c we observe the CMP as shown by the avoided crossing in Fig. 1 (b) . Here the horizontal and diagonal dashed lines are the uncoupled cavity and FMR dispersions respectively. Due to the high Q, small Gilbert damping (α = 0.8 × 10 −4 ) and large number of spins (N s ≈ 5.2 × 10 18 ) the data in Fig. 1 (b 
is clearly in the strongly coupled regime and we observe a dispersion gap between the upper and lower branches of ω gap /2π = 63 MHz.
In Fig. 1 (c) we focus on line cuts made at fixed H, |S 21 (ω) | 2 . These fixed field line cuts show both branches of the dispersion and the anti crossing behaviour can be seen by the ω gap peak separation at the coupling point ω r (µ 0 H rc ) = ω r (414 mT) = ω c where H rc is defined as the FMR field when ω r = ω c . Above (below) the coupling point the amplitude of the upper (lower) branch decreases sharply as the cavity mode moves away from the FMR frequency and can no longer effectively drive precession. Both branches have a clear Lorentz line shape as one would expect for such a resonant process and are observed to satisfy |S 21 
2 for the field and frequency detunings, δ H and δ ω respectively.
Turning to the fixed frequency cuts highlighted in Fig. 1 (d) , |S 21 (H) | 2 , we see a distinctly different line shape compared to Fig. 1 (c) . First, at ω = ω c we have a broad symmetric dip rather than a peak. However the more striking distinction occurs when ω = ω c and the transmission line shape |S 21 (H) | 2 becomes asymmetric. This symmetry change occurs immediately away from the cavity frequency, as indicated by the upper and lower curves in Fig. 1 (d) which are taken just 0.05 % away from ω c . We can also see that the polarity of this asymmetry changes above and below ω c , satisfying
The key difference between this expression and the analogue for fixed fields is that ω c is field independent, whereas ω r depends on the field. We also should note that the additional feature near 404 mT which does not obey this relationship, due to the coupling between the cavity and a spin wave mode, has been studied in detail elsewhere 22 and is not of immediate interest for our line shape discussion.
The asymmetry observed at fixed frequency is of interest for two key reasons. First, at fixed frequency |S 21 (H) | can be used to study the magnetic characteristics of the CMP, such as the resonance field H r and field line width ∆H. Previously this information has only been examined through spin pumping. 5 In order to extract this information the transmission spectra must be fit and it is clear from Fig. 1 (d) that this cannot be done using a Lorentz function as is usual for transmission measurements. Therefore from a practical viewpoint it is important to determine the exact line shape that should be used. Second, studies of spin rectification and spin pumping in spintronic systems have previously shown that line shape symmetries and in particular changes in line shape symmetry reveal relevant phase information, 27 in those cases regarding the relative phase between rf electric and magnetic fields. We speculate that understanding line shape symmetries in the CMP system may provide new insight into CMP phase coherence, which would be relevant for the application of strong magnon-photon coupling to the coherent control of spin currents. The general description of line shape symmetries presented here is the first step in this direction.
To summarize the key line shape features, we observe from (c) and (d) that i) fixed H cuts are symmetric in ω ii) the amplitude of the upper (lower) branch resonance decreases rapidly above (below) the coupling point iii) the fixed ω cuts have a symmetric dip at ω c but otherwise are generally asymmetric in H and iv) the polarity of the asymmetry in the fixed ω cuts changes above and below ω c . These line shape characteristics are universal, having been observed in many different FM samples and cavity geometries and are reproduced by all three models we now consider.
III. OVERVIEW AND HIGHLIGHTS OF THREE CAVITY-MAGNON-POLARITON MODELS
Before describing the details of our three models, we briefly summarize the key motivations for and highlights of each approach.
Model I: Harmonic Coupling -In the absence of anharmonicity the magnon-photon system is semiclassical and therefore the key features of the CMP should be contained within a coupled oscillator model. Though this may be anticipated, such an approach has never been compared directly to the transmission spectra line shape. While the eigenmodes of the coupled oscillator are sufficient to describe the CMP dispersion and line width evolution, in order to model the transmission spectra coupling to the input and output ports of the VNA must be included. We perform such modelling and find that the transmission spectra of the CMP, including line shape, dispersion and damping evolution is accurately described. One advantage of this approach is a direct demonstration of the harmonic nature of recent CMP observations. A second advantage is the ability to easily extend the model to describe multiple cavity or magnetic modes which has recently become a subject of interest.
21,22
Model II: Dynamic Phase Correlation -A limitation of the harmonic oscillator model is that it does not explain the physical origin of the CMP coupling. Our previous work has shown that the CMP results from the dynamic phase correlation between Ampère's and Faraday's Laws 5 however only the dispersion and line width evolution has been studied in this context. In our second model we extend this previous work and describe the transmission spectra based on the physical principle of dynamic phase correlation using the technical tool of microwave circuit theory. In this approach the physical origin of coupling is made clear, which can again be easily extended to multi mode systems.
Model III: Microscopic Theory -The harmonic coupling and dynamic phase correlation models are both based on a macroscopic, classical starting point. Therefore, although these models accurately describe current CMP observations and can even be applied to multi mode systems, the extension to a microscopic, quantum description is not immediately available. To provide such an approach we examine the transmission spectra based on the microscopic quantum model for the coupled spin and photon degrees of freedom.
2,23,24 Using linear spinwave theory we show that the microscopic model reduces to a system of coupled oscillator modes. The transmission line shape can then be obtained from the full spectral function of the cavity photons. An advantage of this approach is that it can be extended step by step in order to systematically study novel effects, such as radiative damping.
To summarize: All three models accurately describe the microwave transmission spectra, providing an important tool for the analysis of strongly coupled spin photon systems. These models also provide an important starting point for future work -the harmonic coupling and dynamic phase correlation models can be extended in a straightforward way to analyze multi mode systems which are currently becoming of interest, while the microscopic model can be systematically extended to examine higher order quantum effects.
IV. MODEL I: HARMONIC COUPLING
To model the CMP we consider the coupled oscillators shown in Fig. 2 (a). Here two equal mass (m) oscillators, labelled by 1 and 2, are coupled together via a spring κ. Oscillator 1 represents the cavity and is connected to an input plunger via a spring with resonance frequency ω c . The plunger is driven in constant motion so that x in (t) = x in e −iωt which produces a driving force on oscillator 1, f (t) = ω 2 c x in (t). This is analogous to the constant microwave input to the cavity by the VNA. Oscillator 2 represents the FMR and is attached to a fixed wall with a spring of resonant frequency ω r . We add a damping coefficient of β to oscillator 1 and α to oscillator 2 to model the intrinsic losses of the cavity and the losses due to Gilbert damping respectively. There is no damping associated with the input.
In order to extract the CMP dispersion and line width evolution it is sufficient to set x in = 0 and solve the corresponding eigenvalue problem; that is, the dispersion and line width are determined solely by the coupling κ and the uncoupled resonances and damping, ω c , ω r , β and α. The energy absorption of the coupled oscillators can also be calculated in a standard way using the dissipative function of the system. 31 However to determine the line shape of the transmission spectra we need to calculate the input and output energy of the system. This requires the addition of an output which models the second port of the VNA which we achieve by connecting an absorber to oscillator 1 using a spring k out as shown in Fig. 2 (a) . The transmission through the system is then |S 21 | 2 = E out /E in where E out and E in are the kinetic energies of the output and input oscillators respectively. Due to the high quality of our cavity, the output coupling k out 1, and in particular k out κ. There is also no damping associated with the output.
The equations of motion for oscillator 1, 2 and the output are respectivelÿ
Here we have defined the damping coefficients α and β as well as the couplings κ and k out to be dimensionless by normalizing to ω c . Additionally since k out 1 the action of the output on oscillator 1 does not need to be included in Eq. (1) (a). Taking (x 1 , x 2 , x out ) = (A 1 , A 2 , A out ) e −iωt , Eqs.
(1) (a) and (b) can be written in the matrix form Ω Ω ΩA = f where A = (A 1 , A 2 ), f = (−f, 0) and
r + 2iαω c ω while Eq. (1) (c) becomes Solving for A 1 , A = Ω Ω Ω −1 f, the transmission is determined to be
Here the amplitude η = (m out /m in )k 4 out depends on the output coupling k out and also the input/output impedance matching determined by m out /m in . The determinant is given by (3) and (4) we can explicitly see the role of the output absorber: it is needed to model the output port and calculate the transmission, since the amplitude of S 21 in Eq. (3) is proportional to k out , however the output plays no role in the dispersion which is determined by the roots of the determinant in Eq. (4). These facts also illustrate the simplicity of generalizing the model to multiple cavity/multiple spin wave modes: the dispersion and line width will be determined solely from the coupling between any cavity and spin wave modes while the form of the output energy needed to determine the microwave transmission will remain the same as Eq. (2) .
For comparison to the phase correlation and microscopic models discussed later, it is useful to simplify Eqs. (3) and (4) by expanding near the coupling point ω = ω c = ω r . Near this point ω 2 − ω 2 r ∼ (ω − ω r ) 2ω c and therefore Eqs. (3) and (4) reduce to
and
Comparing to Eq. (9) for the phase correlation model we see that the key structure is exactly the same, with differences only in the coupling term which would be expected since the coupling mechanism is implemented differently in the two models.
To verify the agreement between our oscillator model and the experimental CMP features we plot the full result for |S 21 (ω, H) | 2 given by Eq. (4) in Fig. 2 (b) using the experimentally determined parameters α = 0.8 × 10 −4 , β = 3 × 10 −4 and ω c /2π = 10.556 GHz. We also use a coupling strength of κ = 0.077 which is determined experimentally from the value of ω gap (see Sec. VII A). The value of the amplitude η = 2.3×10 −10 determined by the impedance matching is treated as a fitting parameter. The accuracy of the dispersion and line width determined from Eq. (3) can immediately be seen by comparing the calculation in Fig. 2 (b) to the experimental data in Fig. 1 (b) (more will be said about the dispersion and line width in Sec. VIII) confirming the accuracy of the harmonic coupling model. Using the simplified results of Eq. (5) yields similar agreement.
Eq. (3) can also be used to calculate the line cuts at fixed field, |S 21 (ω) | 2 shown in Fig. 2 (c) and at fixed frequency, |S 21 (H) | 2 shown in Fig. 2 (d) . Comparing the line shapes to the corresponding panels in Fig. 1 the excellent agreement is evident. In particular all four of the key line shape features are reproduced by our harmonic coupling model. In Fig. 2 (c) we see that i) the fixed H cuts are symmetric in ω and ii) the amplitude is in good agreement with the experimental results, decreasing as expected above and below the coupling point for the upper and lower branches respectively. In Fig. 2  (d) we can see that iii) at ω c |S 21 (H) | 2 has a symmetric dip however above and below ω c the line shape has an asymmetry and iv) the polarity of the line shape changes as we pass through the uncoupled cavity mode, in good agreement with the experimental signatures. Therefore by modelling the FMR/cavity coupling as a set of classical coupled harmonic oscillators we are able to reliably capture the key experimental line shape features of the CMP.
V. MODEL II: DYNAMIC PHASE CORRELATION
Although the key line shape features of the CMP are captured by a model of harmonic oscillators, this general description does not specify the physical origin of the coupling mechanism. However recently this question has been answered and the CMP has been shown to result from electrodynamic coupling between cavity and FMR resulting from Faraday's and Ampère's laws. 5, 12 Still, only the CMP dispersion and line width evolution have been investigated in this context. Here we extend this model to explain the full microwave spectra S 21 (ω, H) .
To build a model centred on the physical principle of dynamic phase correlation we use the technical tool of microwave circuit theory. S-parameters are conventionally described using a microwave circuit theory approach 32 based on the microwave frequency voltages in an RLC circuit like the one shaded in blue in Fig. 3 (a) . The complex impedance of such an RLC circuit is
where
and R, L, C are the resistance, inductance and capacitance of the circuit respectively.
When a resonant ferromagnetic material is present inside the microwave cavity there is an additional voltage induced due to Faraday's law, V x = K c Ldm y /dt and V y = −K c Ldm x /dt, which can therefore be added into the RLC circuit, at any location, as an additional voltage source. Moving to a rotational frame, the induced voltage may be written as V ind = −K c Lωm + where the solution to the Landau-Lifshitz-Gilbert (LLG) equation is the elliptical magnetization m + = Cm x + im y with C = ω 0 /ω r and ω 0 = γH. Due to the spherical symmetry of our YIG sample the magnetization is nearly circularly polarized, C ∼ 1, with any small deviations the result of shape anisotropy, which in our sample is small, H A H. On the other hand due to Ampères law the rf magnetic field which drives the magnetization precession may be related to the microwave current in the circuit as h x (t) = K m j y (t) and h y (t) = −K m j x (t) which means that j + = K m h + with the same definition for the elliptical fields previously used. Therefore from the LLG equation the magnetization is m + = iω m K m j + / (ω − ω r + iαω) where ω m = γM 0 . In our experiment the saturation magnetization is µ 0 M 0 = 176 mT. Using the magnetization from the LLG equation and the harmonic time dependence e −iωt , the induced voltage due to the FMR coupling is V ind = −iωmK 2 Lω ω−ωr+iαω j + and therefore the additional impedance of the RLC circuit due to coupling is
making the total impedance Z = Z c − Z m . Here K 2 = K c K m is the total coupling of the CMP system which is related to the coupling in the oscillator model as K = κ 2 ω c /2ω m (see the discussion of ω gap in Secs. VII A and VII B). In our experiment this means that K ∼ κ 2 . Using standard microwave network analysis 32 for our RLC circuit with the additional FMR induced voltage, we find the transmission of the YIG/cavity system to be
(9) Hereβ = β + β 1 + β 2 is the total loss rate of the cavity which includes the intrinsic losses β, as well as the loss rates at the input and output ports, β 1 and β 2 respectively. S 21 = 2 √ β 1 β 2 /β is the maximum amplitude of the uncoupled transmission, S 21 = S 21 (ω = ω c , K = 0). The denominator of Eq. (9) is the same as the eigenvalue equation in Ref. 5 and its roots determine the dispersion and line width of the CMP. Fig. 3 (b) shows the calculation of |S 21 (ω, H) | 2 based on Eq. (9) using the experimentally determined parameters for α, β, ω c and ω m . In this calculation we have also used the coupling strength K = 0.006 measured from the dispersion gap as described in Sec. VII B and determined βS 21 = 7.6 × 10 −6 from a fit to the experimental data. We find excellent agreement when comparing the dispersion and line width from Fig. 3 (b) to the experimental data in Fig. 1 (b) . This is expected since, as mentioned, the roots of the denominator in Eq. (9) are equivalent to the CMP eigenvalue solutions which were previously shown to describe the dispersion. Fig. 3 (c) we see that i) |S 21 (ω) | 2 is symmetric for all fixed H and ii) the amplitude is decreasing as expected above and below the coupling point for the upper and lower branches respectively. From Fig. 3 (d) we can see that iii) |S 21 (H) | 2 is only symmetric at ω c and has a dip, however immediately above and below ω c the line shape is asymmetric and iv) the polarity of the asymmetry changes as we pass through ω c , in agreement with the experimental features. This excellent agreement between the experimental line shape and the dynamic phase correlation model further confirms that the origin of the CMP is electrodynamic coupling and provides a solid physical model for the analysis and fitting of the transmission spectra in strongly coupled magnon-photon systems.
VI. MODEL III: MICROSCOPIC THEORY
The previous two models were based on a macroscopic, classical description. A microscopic theory, on the other hand, necessarily has to be a quantum theory of the spins, the electromagnetic field, and the spin-photon coupling. In the following we want to develop such a theory and discuss the approximations which lead to an effective theory of two coupled quantum harmonic oscillators.
A. Hamiltonian
For the experimentally relevant energy scales, the physical properties of YIG can be understood in terms of an effective spin-s Heisenberg ferromagnet on a cubic lattice. The effective Hamiltonian contains both exchange as well as dipole-dipole interactions and can be written as
(10) Here J ij = J for nearest neighbors while J ij ≈ 0 otherwise. D αβ ij is the dipolar tensor. We have also included a constant external magnetic field B z pointing along the z-direction. The Hamiltonian for the microwave field inside the cavity is simply given by
Finally, we have to consider the coupling between the rf field and the spins
By B ≡ (B x , B y , 0) we denote the circular polarized rf field which can be quantized using standard techniques
Here V is the cavity volume and 0 is the vacuum permittivity. Note that we have not attempted to expand the field in a basis which takes the proper boundary conditions due to the shape of the cavity into account but rather assumed that we can approximate the field in a plane-wave basis near the position of the sample. Using the ladder operators S ± j = S x j ± iS y j the interaction between the spin and the photon system, Eq. (12), can then be written as
(13) The microscopic quantum Hamiltonian of the spincavity system is therefore given by H = H s + H ph + H int .
In good approximation only the lowest magnon band of the Hamiltonian (10) is important. We can therefore apply linear spin-wave theory to simplify the problem. The spin operators are expressed in terms of bosonic operators b ( †) in the following way
Using a Fourier transform b j = 1 √ Ns k b k e ikr the Hamiltonian of the spin-cavity system then reads
with a coupling constant
Here ω s k is the magnon dispersion. In linear spin-wave theory we therefore obtain a system of coupled harmonic oscillator modes. A further drastic simplification can be achieved if we consider only a single cavity mode ω c and only the FMR mode ω s k→0 = ω r . In this case, we end up with a Dicke model (or Tavis-Cummings model)
which is an N s -spin version of the Jaynes-Cummings model. 34 The model describes two coupled quantum harmonic oscillators: one associated with the Dicke spin and the other with the electromagnetic field. Note that the excitation number (17) can be diagonalized by a Bogoliubov transformation a = − sin βc 1 + cos βc 2 , b = cos βc 1 + sin βc 2 (18) where c 1,2 are two new bosonic operators. The angle β which diagonalizes the problem is given by tan(2β) = 2 √ N s α c /(ω c − ω r ). The eigenspectrum ε n,j = ω n,j of the coupled oscillators is given by
with n = 0, 1, · · · , N s and
. The lowest polariton modes (n = 1) are, in particular, given by
B. Transmission
We are interested in calculating the microwave transmission through the cavity. This can be understood as a scattering problem and we require the matrix element S 21 of the scattering matrix S. For an incoming state |i and and outgoing state |f we can relate the S matrix to the T matrix by
If we couple our cavity to a microwave field we have to consider an open quantum system where the microwave photons form a 'bath' coupling for the cavity photons. By integrating out the bath photons we obtain
where λ is the coupling constant between microwave bath and cavity photons (assumed to be frequency independent) and D ret (ω) is the retarded Green's function of the cavity photons. I.e., the transmission can be calculated from the properties of the spincavity system alone. 35 For the transmission amplitude, Eq. (21) implies t(ω) = 2πiρ(ω)T (ω) where ρ(ω) is the density of states of the external microwave photons. 36 If we assume ρ(ω) to be constant near the resonance frequency and ignore the asymmetric contribution from the real part of the Green's function we obtain
The measured transmission spectra is therefore approximately given by the spectral function of the cavity photons.
C. Photon Green's function
For the decoupled system-Eq. (17) with α c = 0-the Matsubara Green's function for the photons is given by
and for the magnons by
Here we have introduced two damping rates: Γ c related to cavity losses and Γ r due to the intrinsic Gilbert damping of the FMR resonance. We will not try to calculate Γ c,r but rather use them as fitting parameters. The Green's function of the cavity photons for the coupled system, Eq. (17), can be obtained straightforwardly by expressing the photon creation and annihilation operators in terms of the diagonal basis c
1,2 using the Bogoliubov transform (18) . An alternative way to obtain the full Green's function D(iω n ) is to calculate the photon self energy from Dyson's equation. For the Dicke model there is only a single photon-magnon diagram so that the scattering series can be calculated exactly, see Fig. 4(a,b) . The result for the retarded Green's function, obtained after analytic continuation, is given by
The final result for the transmission spectra therefore is
We define the proportionality constant to be S In this calculation we have also used the amplitude S 21 = 0.048, determined from a fit to the experimental data, and the coupling strength √ N s α c = 32 MHz measured from the dispersion gap as described in Sec. VII C. We note that the value of 32 MHz agrees very well with the value of 37 MHz calculated directly from Eq. (16).
We find excellent agreement when comparing the dispersion and line width from Fig. 4 (c) to the experimental data in Fig. 1 (b). Figs. 4 (d) and (e) show |S 21 (ω) | 2 at fixed H and |S 21 (H) | 2 at fixed ω respectively. When these figures are compared to Figs. 1 (c) and (d) all of the key line shape features are seen to agree. In particular from Fig. 4 (d) we see that i) |S 21 (ω) | 2 is symmetric for all fixed H and ii) the amplitude is decreasing as expected above and below the coupling point for the upper and lower branches respectively. From Fig. 4 (e) we can see that iii) |S 21 (H) | 2 is only symmetric at ω c and has a dip, however immediately above and below ω c the line shape is asymmetric and iv) the polarity of the asymmetry changes as we pass through ω c , in agreement with the experimental features.
VII. LINE SHAPE SIMPLIFICATION
While the transmission functions in Eq. (3), Eq. (9) and Eq. (26) accurately describe the CMP line shape, these equations are not simple Lorentz and asymmetric functions. This is expected, since even in the simple RLC case without the FMR induced voltage, the S parameters are only Lorentzian when expanded near the resonance frequency. 37 In order to provide a further simplified equation for the fitting of experimental data we now expand these equations near the coupled resonances.
A. Model I: Harmonic Coupling
To simplify the line shape we first need an analytic approximation for the eigenmodes. Since the losses are very small, α, β 1, the damping has a negligible effect on the dispersion and can be safely ignored so that, denoting the upper and lower branches by ω + and ω − respectively, the roots of Eq. (6) near the coupling point ω = ω c are
This approximation is in excellent agreement with the numerical results shown in Fig. 6 (a) . An important application of Eq. (27) is to determine the dispersion gap. Setting ω r = ω c we find ω gap = ω + − ω − = κ 2 ω c . This allows the coupling strength κ to be easily determined directly from the experimental data, without any fitting.
Expanding Eq. (5) to second order near the CMP eigenmodes,
where S 
This shows that, within the oscillator model, at fixed field the line shape of the CMP near resonance, |S 21 (ω) | 2 , is simply Lorentzian.
The condition |ω r − ω ± | < βω c ensures that the CMP eigenmode is sufficiently separated from the uncoupled FMR frequency. This is required to avoid any unwanted distortions from the expected Lorentzian line shape. Eq. (3) shows that the full expression for |S 21 (ω, H) | 2 has an antiresonance (minimum) when ω = ω r which can cause a distortion in the line shape as ω ± approaches ω r . This effect is accentuated by the fact that at this point the amplitude is already greatly diminished. In our case this constraint corresponds to µ 0 H < 426 mT for the upper branch and µ 0 H > 402 mT for the lower branch. In these regimes the transmission amplitude is too small to perform reliable fits, being several orders of magnitude smaller than the main resonance, and therefore in practice the distortion due to antiresonance does not limit the applicability of Eq. (29) and the use of Lorentzian fits.
To perform a similar analysis for |S 21 (H) | 2 we simply solve for the ω r roots of the determinant in Eq. (4) 
The simplification can be used in order to fit the |S 21 (H) | 2 cuts, taking A, q, ω and ω e as fitting parameters. The parameter q is a function of α, β, ω c and ω and controls the degree of asymmetry. It is approximately linear over the narrow frequency range where coupling is observed and its most important characteristic is that q (ω < ω c ) < 0, q (ω = ω c ) = 0 and q (ω > ω c ) > 0. This accounts for the change in symmetry observed in Fig. 1  (d) .
B. Model II: Dynamic Phase Correlation
The procedure to simplify Eq. (9) is the same as that used in the previous subsection. In this case, near the coupling point ω = ω c and for small coupling and damping, K 2 , α, β 1, we can approximate the eigenvalues by
Note that small K 2 here means small compared to 1, not small compared to α and β so this approximation is still valid within the strong coupling regime. Again this analytic expression for the eigenmodes allows us to determine the dispersion gap, ω gap = K √ 2ω m ω c , which enables the electrodynamic coupling strength to to be determined directly from the experimental data without treating it as a fitting parameter.
Expanding near the eigenmodes the behaviour for the expansion coefficients is the same as that found for the harmonic coupling model, and therefore it is again appropriate to use the Lorentz line shape in Eq. (29) 
In particular this allows us to determine the coupling strengths of the classical oscillator and phase correlation model in terms of the microscopic parameters, 
VIII. DISPERSION AND LINE WIDTH
To quantitatively confirm both the applicability of the line shape approximations described in the previous section, and the accuracy of the dispersion and line width in each model, we have fit the full experimental data set for both fixed ω and fixed H. The symbols in Fig. 5 and Fig. 6 (a) and (b) show the fitting results for the dispersion and HWHM according to the Lorentz function in Eq. (29) . The open symbols in both (a) and (b) correspond to the high frequency branch while the solid symbols correspond to the low frequency branch. The horizontal and vertical dashed lines in (a) are the uncoupled cavity and FMR dispersions respectively.
The solid curves in Fig. 5 (a) and (b) are solutions for the roots of the determinant in Eq. (4) from the oscillator model while the solid curves in Fig. 6 (a) and (b) are solutions for the roots of the denominator in Eq. (9) from the phase correlation model which are identical to the Green's function calculation (which is therefore not shown). In both cases ω n = Re (ω n ) with n = 1, 2 labelling the two complex solutionsω n and ∆ω n = Im (ω n ). There is excellent agreement between the fit results and the expected dispersion and line width evolution, with the damping of the system evolving between the pure cavity loss rate of β = 0.03% and the pure YIG loss rate of α = 0.008% (the limiting behaviour of these fits is the experimental method used to determine the Gilbert damping).
As expected we see that the damping of the upper and lower branches is the same, and equal to the average loss rate (β + α) /2 at the coupling point ω r = ω c .
The resonant position and HWHM at fixed frequency are shown in Fig. 5 and Fig. 6 (c) and (d) determined from the |S 21 (H) | 2 fits using Eq. (30) . The vertical and diagonal dashed lines in (c) show the uncoupled cavity and FMR dispersions respectively. The complexH n roots of Eq. (9) (n = 1) are shown as solid curves in (c) and (d) with H n = Re(H n ) and ∆H n = Im(H n ). Again (c) and (d) show good agreement between the theoretical curves from both the oscillator model and the circuit theory model with the experimental data.
IX. CONCLUSIONS
We have presented a detailed study of the cavitymagnon-polariton microwave transmission line shape measured by inserting a magnetically ordered material into a microwave cavity. At fixed field we found that the transmission |S 21 (ω) | 2 has symmetric resonances while the fixed frequency line shape |S 21 (H) | 2 is generally asymmetric and the polarity of this asymmetry can be controlled by the driving microwave frequency. These line shape observations are important to extract the magnetic characteristics of the CMP (H r and ∆H) from the transmission spectra and may play a role in the phase coherent control of the CMP.
To describe our observations we developed three models of the CMP. First, for the first time we directly compared the transmission spectra to a coupled oscillator model and found that all of the important line shape features are accurately described. Second, we explored the detailed physical nature of this coupling and found that the unique CMP line shape has a classical electrodynamic origin which can be implemented quantitatively using microwave circuit theory. Finally we performed a Green's function calculation in a microscopic quantum model. In linear spin-wave theory and taking only the FMR and a single cavity mode into account we again found an accurate description of the CMP line shape. In addition to the excellent line shape agreement, all three models accurately describe the dispersion and line width evolution of the CMP and allow the coupling strength to be extracted directly from the dispersion gap, meaning that the important coupling parameter can be determined without fitting. In the low damping limit where strong coupling experiments are performed, each model provides the same simple analytic line shape formula which can be used to quantitatively analyze a wide range of strongly coupled spin-photon systems currently employed within the community. Due to these advantageous features we believe that the experimental observations and theoretical approaches we have presented provide a useful quantitative tool to describe currently studied strongly coupled spin-photon systems and can be easily extended to multi mode systems or to include higher order interaction terms. By explaining the CMP line shape these models provide a step towards further coherent control of the cavity-magnon-polariton.
